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1. Introduction 

Since Hawking's remarkable discovery [I] in 1974 that a black hole is not completely 
black, but can emit all species of fundamental particles from its event horizon, the study 
of black hole radiation has been in the spotlight all the time. Hawking radiation is a 
kind of quantum effect that originates from the vacuum fluctuation near the horizon. 
This effect is a common character of almost all kinds of horizons, whose occurrence is 
only dependent upon the existence of a horizon. Since Hawking effect interplays the 
theory of general relativity with quantum field theory and statistical thermodynamics, 
it is generally believed that a deeper understanding of Hawking radiation may shed some 
lights on seeking a complete theory of quantum gravity. There are several ways to derive 
Hawking radiation. The original one presented by Hawking [lj is very complicated, 
making it not only difficult to join a concrete physical picture with calculations but 
also nontrivial to extend the result to other gravitational backgrounds. On the other 
hand, the conformal (trace) anomaly method [2], which is closely related to the recent 
hot spots on the subject, has several limits to be generalized to the cases of higher 
dimensional black holes. 

Recently, Robinson and Wilczek [3] proposed an intriguing approach to derive 
Hawking radiation from a Schwarzschild-type black hole through gravitational anomaly. 
Their basic idea goes as follows. Consider a massless scalar field in the higher 
dimensional space-time. Upon performing a dimensional reduction technique together 
with a partial wave decomposition, they found that the physics near the horizon in the 
original black hole background can be described by an infinite collection of massless fields 
in a (l + l)-dimensional effective field theory. If omitting the classically irrelevant ingoing 
modes in the region near the horizon, the effective theory becomes chiral and exhibits 
gravitational anomalies in the near-horizon region, which can be cancelled by the (1 + 1)- 
dimensional black body radiation at the Hawking temperature. Subsequently, the case of 
a charged black hole was immediately studied in j3] to enclose gauge anomaly in addition 
to gravitational anomaly, where the authors showed that both gauge and gravitational 
anomalies at the horizon can be exactly cancelled by the compensating charged current 
flux and energy momentum flux. These fluxes are universally determined only by the 
value of anomalies at the horizon and are equivalent to the (1 + l)-dimensional thermal 
fluxes associated with Hawking radiation emanating from the horizon at the Hawking 
temperature. As is shown later, the anomaly cancellation method is very universal, and 
soon it has been successfully extended to other black hole cases [51 [6J, [Tj, [8], [9] . 

In this paper, we will further extend this method derive the Hawking flux via 
gauge and gravitational anomalies of a most general two-dimensional non-extremal 
black hole space-time with the determinant of its diagonal metric different from the 
unity (y/—g 7^ 1) and then apply it to investigate Hawking radiation of a charged, 
static spherically symmetric (Reissner-Nordstrom) black hole with a global monopole 
from the viewpoint of anomaly cancellation. An unusual and stirring property of the 
black-hole-global-monopole system [10] is that it possesses a solid deficit angle, which 
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makes it quite different topologically from that of a Schwarzschild black hole and its 
charged counterpart alone. Because the background space-time considered here is not 
asymptotically flat, rather it contains a topological defect due to the presence of a global 
monopole, the original anomaly cancellation method, however, will become problematic 
to be directly applied for the black-hole-global-monopole system. To avoid this obstacle, 
as did in [9] we shall adopt a slightly different procedure and perform various coordinate 
transformations before we can take use of this method to derive Hawking radiation via 
the cancellation of anomalies and the regularity requirement of fluxes at the horizon. 

The plan of this paper is as follows. We begin with our discussions in Sec. [2] by 
studying the thermodynamics of charged black holes with a global monopole. Gauge 
and gravitational anomalies are then analyzed in Sec. [3] for a most general non- 
extremal metric in two dimensions. It should be pointed out that our analysis presented 
this section is far more general, so it is suitable for studying Hawking radiation of 
wider classes of non-extremal black hole space-times where we have only assumed that 
f(r) = h(r) = at the horizon, and previous researches are included as special cases 
of the metric considered here. Sec. H]is devoted to applying the anomaly recipe to our 
charged black hole with a global monopole. As a comparison, we also include here the 
method of D amour- Ruffini-Sannan's (DRS) [UJ tortoise coordinate transformation to 
tackle with the Hawking evaporation. The last section ends up with some remarks on 
further applications of the general analysis completed in this paper, and on the choice of 
the time-like Killing vector, especially in the space-time with a cosmo logical constant. 

2. Thermodynamics of charged black holes with a global monopole 

The metric of a general non-extremal Reissner-Nordstrom black hole with the global 
0(3) monopole is described by [TO] 



where m is the mass parameter of the black hole and r\ is related to the symmetry 
breaking scale when the global monopole is formed during the early universe soon after 
the Big Bang [12] . For a typical GUT symmetry breaking scale, rj 2 ~ 10~ 6 , so it's 
reasonable to regard 1 — rj 2 ~ 1 on physical grounds. 

Since the prime physical quantity obtained by means of the anomaly cancellation 
method is the Hawking temperature which enters into the first law of black hole 
thermodynamics, let's begin with by studying the thermodynamical properties of the 
black-hole-global-monopole system [9], [13] . The Hawking temperature of a black hole 
is given in terms of its surface gravity. Note that the metric of Eq. (CQ) is no longer 
asymptotically flat, so the well known formula 




(1) 
(2) 




(3) 
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for computing the surface gravity for a general spherically symmetric asymptotically 
flat metric, becomes potentially problematic to be applied in the case described by the 
metric (CD). It is worth noting that the metric (CD) is still asymptotically bounded. In 
order to get the Hawking temperature of the black hole with a global monopole, we first 
derive a general formula for calculating the surface gravity for asymptotically bounded 
spherically symmetric black hole space-times, and then apply it to the case considered 
here. 

A spherically symmetric asymptotically bounded space-time metric can, without 
loss of generality, be cast in the form 

ds 2 = g tt dt 2 + g rr dr 2 + r 2 (d6 2 + sin 2 6dcp 2 ) , (4) 

with the metric coefficients g u = —f{r) and g rr = l/h(r) approximating two finite 
constants at the infinity. The surface gravity for the black hole described by Eq. (j4j) 
can be found from the relation 

where Z M = C~ 1 5^ is the time-like Killing vector, in which one can take the constant 
C = 1 or C = lim y/—gu = 1 — ?7 2 , according to whether the normalized condition 

r— >oo 

lim LP = —1 is adopted or not (when C = 1, lim L/ M = rf — 1). After some calculation, 

r— >oo r^oo 

we then find 

n rr h 
^ ~ 4C 2 (— g a ) ® tt,T + _ ^(J2 jJ ,r\r=r+ ' 1° ) 

and so the surface gravity is 




g rr 

This is the general formula to calculate the surface gravity for spherically symmetric 
asymptotically bounded black hole space-times and it reduces to Eq. for the 

asymptotically flat case where we have C — 1. 

For the space-time metric ([T]), the surface gravity at the horizon for the combined 
black-hole-global-monopole system is explicitly given by 

k- 1 mr\ - (1 - v ^ r+ - m (r) 

The Arnowitt-Deser-Misner mass M of the system can be calculated via the Komar 
integral 

where we have used = C~ 1 {d t )^. Obviously, the mass M isn't equal to the mass 
parameter m when C ^ 1 because of the presence of a global monopole. The electric 
charge is determined by 

g= 47 <f^d 2 ^u = q, (10) 
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and the electric potential is 

* = ^U + = ^T- (11) 
Finally, the area of the horizon can be computed via 

A = / y/geeg w d6dif = 4vrr 2 . (12) 

J r=r+ 

One can easily show that the mass M, the charge Q, the Hawking temperature 
T = k/(2tt), the entropy S = A/4, and the electric potential $ given above obey the 
differential and integral forms of the first law of black hole thermodynamics as follows 

dM = TdS+$dQ, M = 2TS+$Q. (13) 
Now introducing the following coordinate transformation 

t = (I - rf)~ l/2 t , r = (1 - r/ 2 ) 1/2 f , (14) 
and defining two new parameters 

m = (1 - 7] 2 ) 3/2 m , q=(l-r] 2 )q, (15) 
then we can rewrite the line element (CQ) as 

ds 2 = - /(r)d? + h(r)- l dP + (1 - rf)^(d6 2 + sin 2 6d<p 2 ) , (16) 

A =ldt, f(r) = h(f) = 1-^ + 5- (I 7 ) 

This metric is, apart from the deficit solid angle 47T7/ 2 , very similar to the Reissner- 
Nordstrom solution. 

Thermodynamical quantities can be analogously computed. In the following, we 
will take C = y/l — r] 2 for the line element (OQ) in order to be consistent with the 
above coordinate transformation. This means that we shall use the Killing vector 
P = (1 — rj 2 )^ 1 ^ 2 (dt) fJ ' = (dt)^ to compute the mass M, the surface gravity k, and 
the electric potential $ for the line elements flTJ and (TIB"]) . They are given by 

(1 — r] 2 )r + — m r + —m 



M = —f== = (1 -Tjf)m, (18) 

(19) 



v/i^M * + ' 

$ = , Q = J- . (20) 
^l^fr + r + 

The horizon area and the electric charge can be similarly evaluated as 

A = Anr 2 + = An(l-7] 2 )7l, (21) 

Q = q=(l- r] 2 )q, (22) 

where r + = (1 — r] 2 ) _1 [m + a/^ 2 — (1 — ?7 2 )<? 2 ] and r + = fh + \Jm 2 — q 2 . It is easily to 
check that they satisfy the Bekenstein-Smarr's relationship ( {TBI) . 

It should be emphasized that the space-time (pQ) is not asymptotically flat due to 
the presence of a global monopole; while the metric (fl6l) is 'quasi'-asymptotically flat 
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if regardless of the deficit solid angle. In addition, there is also one another slight 
difference in the expression of the surface gravity. The surface gravity of the metric 



l*L = (1 — rf ) 1 ^ 2 (9 4 ) M (when C = y/i — r] 2 is adopted); while for the metric (fl6|) . it 
has the familiar form k = \f with respect to the time-like Killing vector df. This 
means that in each case one must use the normalized time-like Killing vector to obtain 
the correct physical quantities. If, however, one prefers to choose d t for the time-like 
Killing vector for the space-time metric (JTJ) where C = 1, then the temperature, the 
mass, and the electric potential differ from the ones given in Eqs. (H8H20p by a multiplier 
y/l — rf. For this reason, the original anomaly cancellation method can be immediately 
used to obtain the consistent formula of Hawking temperature for the metric ffl6|) . but 
not directly for the line element (CQ). Thus, we shall first base our analysis upon the 
metric (1TB]) but will soon turn to the space-time (pQ). 

3. Anomalies of a most general charged black hole in two dimensions 

In this section, we will further extend the anomaly cancellation method [I] to show 
that the fluxes of Hawking radiation from a most general spherically symmetric non- 
extremal black hole can be determined by anomaly cancellation conditions and regularity 
requirements at the horizon. 

The reason why we need to make such a generalization is due to the following 
aspects. First of all, the case of \J—g = 1 is clearly too limited, and almost all of the 
previously related studies [31 HI El [6J [3, E] are limited to this case. [Nevertheless, there 
is a freedom to choose an appropriate dilaton factor to rescale the desired metric so as 
to meet with the assertion sf—g — 1.] Secondly, a most general diagonal metric with 



y/^g 7^ 1 is more natural, and this is especially needed for studies of dilatonic black 

holes in string theory and Klein-Kaluza theory (see, for example, the first two references 
in [7]). Thus it is physically important to do such an extension. 

3.1. Dimensional reduction 

The metric and gauge potential of a most general, static and spherically symmetric 
non-extremal black hole space-time are given by 



(UJ is K 



i 



f\ r (r + ), which corresponds to the normalized time-like Killing vector 





(23) 
(24) 



.4 



A t dt = -dt , 



r 
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where dVt 2 = d9 2 + sin 2 Odip 2 is the line element on the unit 2-sphere. We assume^ that 
the functions f(r) and h(r) vanish at the horizon r = r + of the black hole, that is, 
f(r) — > f\ r (r + )(r — r + ) and h(r) — > h tf .(r+)(r — r+) as r — > r+. At the horizon r = r+, 
the surface gravity is given by k = \y f,rh, r \ r ■ 

Consider now the dimensional reduction from d — 4 to d — 2. For simplicity, let's 
consider the action for a massless scalar field in the black hole background fl23|) . After 
performing a partial wave decomposition <f> = 4 ) im(t, r)Yi m (9, V 9 )? an d only keeping the 

Im 

dominant terms near the horizon, the action becomes 

- 2 / d^y^g^g^d^d^ } 



S[<f>] 



\ J d 4 x^/-g {i) (pU^ 



~ I dtdrdOdip P 2 sin 9 



+ 



\{fh), 



p ' 



9<P 



hd 2 



L 2f 

l -Y,f dtdr P 2 V=9<Pi m { - -d 2 + hd] 



+ 



\ {fh), 
[ 2f 

/ dtdr P 2 ^i 



2h 

P > r . 



d r - 



1(1+1) 



Im 



Hm 



P 2 
1 

'1 



}< 



Hm 



d 2 t 



hd 2 r + 



(fh),r 

V 



Hm 



(25) 



where Aq is the angular Laplace operator, here and hereafter y/—g = \/ f/h. 

Upon transforming to the tortoise coordinate defined by r* = J dr/y/Jh, one finds 
that the effective radial potentials for partial wave modes of the field vanish exponentially 
fast near the horizon. Thus the physics near the horizon can be described by an infinite 
collection of massless fields in the (1 + 1) -dimensional effective theory, each partial wave 
propagating in a space-time with a metric given by the "r — t" section of the full space- 
time metric (123]) and the dilaton field \I/ = P(r) 2 , which makes no contribution to the 
anomaly. 

The same procedure applies to the case of a massive charged scalar field with a 
mass term and a minimal electro-magnetic coupling interaction in a background space- 
time fl23l) . Similarly, we can get the (1 + l)-dimensional effective metric and the gauge 
potential 

ds 2 = - f{r)dt 2 + hir^dr 2 , 
Q 
r 



(26) 
(27) 



| At the first sight, the second one of this assumption is stronger than the previous one (/(r+) = 
h(r+) = 0) and seems to exclude the extremal black hole. Nevertheless, the analysis done in this section 
is still applicable to the extremal black hole case. The result we obtained is a zero Hawking temperature, 
which means that there is no Hawking radiation, so there is no anomaly needed to be cancelled at the 
horizon. This is in accordance with the fact that an extremal black hole is supersymmetric. For this 
reason, we shall concentrate ourself to the non-extremal case only. 
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with the dilaton field \I/ = P(r) 2 . It should be pointed out that we have implicitly 
used the regular behavior of the dilaton field at the horizon in the above dimensional 
reduction process. 

Apparently, a scalar field in the original (3 + 1) -dimensional background can be 
effectively described by an infinite collection of massless fields in the (1 + l)-dimensional 
background space-time with the effective metric and the gauge potential given by Eq. 
( T26|) . together with the dilaton field \l/ = P(r) 2 . Now apply the above analysis to the 
metric ( fl6i) . we will arrive at ( 1261) with a dilaton field \1/ = (1 — 7] 2 )r 2 . On the other 
hand, if we start with the metric ([1]), the same effective metric yields but with a different 
dilaton factor \l/ = r 2 . In each case, f(r) = h(r) finds its corresponding expression given 
in Eq. (USD or 

At this stage, it should be noted that when reducing to d = 2, the Lagrangian 
contains a factor \1/ = P(r) 2 , which can be interpreted as a dilaton background 
coupled to the charged fields [14J. Since we are considering a static background, the 
contribution from the dilaton field can be neglected. In addition, the effective two 
dimensional current is given by integrating the 4-dimensional ones over a 2-sphere, 
J* 1 — J \/—gP 2 sm9d9dipJ^ = A7r y / ::r gP 2 J^(r). For later use, we include here the 
non-vanishing Christoffel symbols and the Ricci scalar for the effective metric (|26|) 



pt _ pi _ lz_ v r — ^ l ^ ,r V r — 
tr ~ rt ~ 2/' u ~ 2 ' rr ~ 2h J 1 ' 

R = -^-^ + ^- (29) 
3.2. Gauge anomaly 

As is well known, Hawking effect takes place in the region near the horizon. Since the 
horizon is a one-way membrane, modes interior to the horizon can not affect physics 
outside the horizon, classically. Therefore one can only consider the physics outside the 
horizon, and define the effective theory in the outer region [r+, +oo]. The exterior region 
can be divided into two parts: the near-horizon region [r + ,r + +e], and the other region 
[r + + e, +oo]. In the latter region, which is far away from the horizon, the theory is not 
chiral, the current of energy momentum tensor and the charged current are conserved. 
On the contrary, in the near-horizon region where there are only outgoing modes, if we 
formally neglect quantum effects of the ingoing modes since such modes never come out 
once they fall into black holes, the effective theory becomes chiral there and contains 
gauge and gravitational anomalies associated with gauge invariance and diffeomorphism 
invariance, respectively. But because the underlying theory is invariant under gauge and 
diffeomorphism symmetries, these anomalies must be cancelled by quantum effects of 
the modes that are classically irrelevant. In what follows, we reveal that the conditions 
for cancellation of these anomalies at the horizon are, in turn, met by the Hawking flux 
of charge and energy momentum, with the Hawking temperature exactly being that for 
the considered space-time. 
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First we investigate the charged current and gauge anomaly at the horizon. We 
localize the physics outside the horizon since the effective theory is defined in the exterior 
region [r + , +00], and focus on the gauge anomaly in the region [r + ,r + + e}. If we first 
omit the classically irrelevant ingoing modes in the near- horizon region [r + , r + + e], the 
gauge current exhibits an anomaly there. The consistent form of d = 2 Abelian anomaly 
is given by [15] 

V,,^ = -^Le^<Vt, (30) 



while the covariant current is defined by (15 



— e 



1 



(31) 



where a minus sign (— ) corresponds to right-handed fields and e^ v is an antisymmetric 
tensor with notation e tr = 1. The consistent anomaly satisfies the Wess-Zumino 
condition but the current J M transforms non- covariant ly. The coefficient of the covariant 
anomaly is twice as large as that of the consistent anomaly. The covariant current is 
related to the consistent one by 

J>" = J» + - ^A x e x " . (32) 



For the non-vanishing component of the charged currents, we have 



r = r + 



--A t {r)H{r) . 



(33) 



^V~9 

In the other region [r + + e, +00], where the theory is not chiral and there is no 
anomaly, the current J? Q s is conserved. On the other hand, in the near-horizon region 
[r + ,r + + e], since there are only outgoing (right handed) fields, the effective quantum 
field theory is chiral and exhibits a gauge anomaly with respect to gauge symmetry, 
the current satisfies the anomalous equation. Obviously, these currents must obey, 
respectively, the following equations 

0. 



V M J (tf) 



— e 



A I ^ °f 1 l 



Hence we can write them out explicitly with respect to the metric ansatz (T26]) 
and solve them in each region as 



%-d r A t 
Air 



c H + 



where Cq and ch are integration constants. 



A t (r) - A t (r+) 



(34) 
(35) 

(36) 
(37) 

(38) 
(39) 
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The total current outside the horizon is written as a sum of two regions J M = 
J^Q(r)+J^H(r), where 6(r) = 0(r— r + — e) is a scalar step function, H(r) = 1— 6(r) 
is a scalar top hat function. By using the anomaly equation, the variation of the 
effective action (without the omitted ingoing modes near the horizon) under gauge 
transformations becomes 

- 5 X W = J dtdry/=g\V 

= jdtdrX{d r {^A t H) + [^-A t 

+ V=9(Jlo) ~ J(H))]s(r - r + - e)} , (40) 

where A is a gauge parameter. 

The total effective action must be gauge invariant and the first term should be 
cancelled by quantum effects of the classically irrelevant ingoing modes. The quantum 
effect to cancel this term is the Wess-Zumino term induced by the ingoing modes near 
the horizon. In order to keep the gauge invariance, the variation of the effective action 
should vanish, 8\W = 0. The coefficient of the delta-function should also vanish at the 
horizon, namely 

V=9[Jlo) - J (H)](r + ) + £:Mr + ) = , (41) 



e 

47T 

which relates the coefficient of the current in two regions: 

e 2 

c = c H - —A t (r+) , (42) 

where ch is the value of the consistent current at the horizon. 

In order to determine the current flow, we need to fix the value of the current 
at the horizon. Since the condition should be gauge covariant, we impose that 
the coefficient of the covariant current at the horizon should vanish. Since = 
J[h) + e2 A(^)/(47r v ^ z g), the condition = determines the value of the charge flux 
to be 

e 2 

This agrees with the current flow associated with the Hawking thermal (blackbody) 
radiation including a chemical potential, as will appear presently. 



3.3. Gravitational anomaly 

Next we turn to discuss the gravitational anomaly and the flow of the energy momentum 
tensor. A gravitational anomaly is an anomaly in the general coordinate covariance, 
taking the form of non-conservation of energy momentum tensor. If we neglect 
quantum effects of the ingoing modes near the horizon, the energy momentum tensor 
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in the effective theory exhibits a gravitational anomaly with respect to diffeomorphism 
invariance in the region [r + ,r + + e\. The consistent anomaly arising in the (1 + 1)- 
dimensional chiral theory reads [15] 



V M Tt = na e^R = A U = -=9 M JVt . (45) 



V /t Tt = 1 e ps d s d a T a vp = A V = ^=d^ v , (44) 

for right-handed fields. The covariant anomaly in 1 + 1 dimensions, on the other hand, 
takes the form [15] 

96^^— g y~9 
Since we are considering a static background, the contribution to the anomaly 
from the dilaton background can be dropped. Let's first ignore the electro-magnetic 
interaction and only concentrate on the pure gravitational anomaly. In the far-away- 
horizon region [r + +e, +00], the energy momentum tensor T? Q y is conserved; but in the 
near-horizon region [r + , r + + e], the energy momentum tensor T? H s obey the anomalous 
equation. Obviously these equations are 

V^ G> = , (46) 
= A,= ^= W ■ ( 47 ) 

For a metric of the form (1261) . N^ u = A v = in the region [r+ + e, +00]. But in the 
near-horizon region [r + ,r + + e], the components of N^ v are 

N ^ = ST* 1 - = T^rUAr + hf,rr) , iV P = , (48) 

yo7r lyZ7r 

The consistent and covariant anomalies are purely time-like (A r = A r = 0), and can be 
written as 

1 



^A t = d r N\ = d r [^T\\ = —dX 



2-pr 

967r"' r * 

d r (hf !rr + f, r h !r ), (50) 



1927T 

V^gAt = d r N\ = d r [V=gT r t ] = ^fd r R 

907T 

= 5S?*K + ^-f)- (51 » 

Making use of iV r t = (/i/ >rr + /i >r / >r )/(1927r) and iV r t = [/i/ >rr + /, r /i r /2 - hf*/f\/(9Gic), 
we relate the covariant energy momentum tensor to the consistent one by 

^~gT\ = y^-gV t + J^-j (// >IT - 2/ 2 r ) . (52) 

We now include the electro-magnetic interaction. Since the complex scalar field 
is in a fixed background of the electric field and dilaton field, the energy momentum 
tensor is not conserved even classically. We first derive the appropriate Ward identity. 
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Under diffeomorphism transformations 5x^ = — metric and gauge field transform as 
5g^ = -(Vf " + Vf ") and 5A^ = £ v d v Ap + A v d^ v . Since the action for matter fields 
S[g^ v ^A^\ should be invariant (we neglect the contribution of the dilaton field), hence, 
if there were no gravitational anomaly, the Ward identity becomes 

V M T^ = F^J* + A„V„ J" . (53) 

Here we have kept the term proportional to the gauge anomaly. Adding the gravitational 
anomaly, the Ward identity becomes 

V M T^ = F^J* + A V V^ + A = F^J" + A v . (54) 

In the other region [r + +e, +oo], the energy momentum tensor T? , and the charged 
current are conserved; but in the near- horizon region [r+, r + +e], the charged current 
J(H) obeys the anomaly equation, and the energy momentum tensor satisfies a 

modified anomalous equation in each region, the energy momentum tensors must be 
subjected to 

We now solve the above identities for the v — t component. In the exterior region 
without anomalies, the identity is 

dr[V-9 T (o)t\ = V-9 F rtJ{o) = c od r A t , (57) 

where we have utilized F rt = d r A t and T\ = —fhT t r . By using y/—g~J( ) = Co, it is 
solved as 

e 2 

V=gT( Q)t = a Q + c A t (r) = a Q - —A t (r + )A t (r) , (58) 



2tt 

where ao is an integration constant. Since there is a gauge and gravitational anomaly 
near the horizon, the Ward identity becomes 

d r [V=g~T{ H)t ] = y/=g~[F rt J{ H) + A t V,r {H) ] + d r N\ 

= V=9F rt J{ H) + d r N r t , (59) 

where the first and the second term has been combined to become y/ '—gF rt J^ H y By 
substituting yf—gJ^ = Co + e 2 A t (r) / (2ir) into this equation, we can solve Tfa t via 

dr[V=Q~T{ H)t ] = ,/=g-J{ H) d r A t + A t d r [^g-J[ H) ] + d r N\ 

= V=9J{ H )drA t + d r N r t , (60) 

explicitly as 

V^T( H)t = a H + (c Q A t + |-A 2 + AT t ) [ . (61) 

The total energy momentum tensor outside the horizon combines contributions from 
these two regions: = T^ u <d(r) + T^ u H(r), in which is covariantly conserved 
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and T? R , obeys the anomalous Eq. ( l4"Tj) . Under the infinitesimal general coordinate 
transformations, the effective action changes as 



SfW 



dtdr^g TV^Tt 
dtdr (*\ c d r A t + d r 



+ 



V47T * 

,2 



-g(T( 0)t - T [H)t ) + N\ + |-A 2 ] S(r - r + - e)} 

+ J dtdreV=9(T( 0) r ~ T( H)r )5(r - r + - e) . (62) 

The first term is the classical effect of the background electric field for constant current 
flow. The second term should be cancelled by the quantum effect of the ingoing modes. 
In order to restore the diffeomorphism invariance, the variation of the effective action 
should vanish. The coefficient of the last term should also vanish at the horizon. Setting 
5^W = 0, we obtain the following constrains 

^2 



-g[T, 



(O)t 



T[ H)t ](r + )+N r t (r + ) + -Ai(r + )=0, 



4it 



which relates the coefficients: 

r 2 

a Q 



e 2 



(63) 
(64) 



a H + — A 2 ( r +) - N\(r + ) = + N\(r + ) ■ 

In order to determine ao, we need to fix the value of the energy momentum tensor 
at the horizon. As before, we impose a vanishing condition for the covariant energy 
momentum tensor at the horizon, = 0. This additional regularity condition leads 
to 



2N\(r, 



f ,rh t r 



96tt 



(65) 



r=r + 2A7T 

where n is the surface gravity of the black hole. The total flux of the energy momentum 
tensor is given by 

.2 



a Q 



e 2 q 2 
47rr 2 



+ N r J r , 



e 2 q 2 h 
+ 



Anrj 



48tt 



(66) 



3.4- Blackbody radiation 



In the uncharged case we have shown that ^/—gT^ t = N r t (r + ) is the energy 
momentum flux of Hawking radiation. A (1 + 1) -dimensional black body radiation 
at temperature T has a flux of the form N r t (r + ) = (tt/\2)T 2 , accurately giving the 
Hawking temperature T = k/(2iv). 

In the present charged case, we now compare the results (j4Ul) and fl66l) with the 
fluxes from blackbody radiation at a temperature T = k,/(2tt) with a chemical potential 
u = eA t (r + ) = eq/r + . The Planck distribution in a charged black hole is given by 

I {±) («>) = — r4 , J (±) («) = ^A lK , : , (67) 



g27r(a;±ii)o)/K \ 



^2tt(u±ujq)/ k _|_ ^ 
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for bosons and fermions, respectively. 1^ and J(~) correspond to the distributions for 
particles with charge — e. To keep things simple, we only consider the fermion case. 
With these distributions, the fluxes of charged current and energy momentum become 

^J' = fe^[/<-»H - J<+>M] = (68) 







2tt 27rr_| 

^,= /"^-'(») + ^'Mi = g + ^. m 

The results ( 143]) and fl66l) derived from the anomaly cancellation conditions coincide 
with these results ( 1681) and ( 1691) . showing that the required thermal flux is capable of 
cancelling the anomaly. Thus the compensating energy momentum flux and charged 
current flux required to cancel gravitational and gauge anomalies at the horizon are 
precisely equivalent to thermal fluxes associated with a (1 + l)-dimensional blackbody 
radiation emanating from the horizon at the Hawking temperature. 



4. Hawking radiation of charged black holes with global monopoles 

In this section, we will apply the above analysis to consider Hawking radiation from a 
Reissner-Nordstrom black hole with the global monopole. As is shown in [9], because 
the considered space-time is not asymptotically flat, the original anomaly cancellation 
method cannot be immediately applied to obtain the consistent formula of Hawking 
temperature for the line element (CQ), rather it can be directly used to obtain that for 
the metric (1T61) . Thus, we shall first base our analysis below upon the metric (1T61) but will 
soon turn to the space-time (Q. By comparison, we also include here the DRS method 
to deal with the Hawking evaporation of a most general two-dimensional non-extremal 
metric ff26|) . 



4-1. Hawking radiation: the anomaly recipe 

The general formula for the Hawking temperature derived via the anomaly cancellation 
method is 

rp ^ 



2% 47T 



(70) 

Specialize to the present case where f(r) = h(r), we get the Hawking temperature 
T = / )7 .(r + )/(47r). Apply this formula to the metric ffTBI) . we can obtain the consistent 
temperature T = f^{r + )/{A-K) = f jT (r + ) / (Att a/1 — rf) , which corresponds to the time- 
like Killing vector c\ or the normalized time-like Killing vector (1 — rf)~ l l 2 d t (where 
C = a/1 — rf ). On the other hand, if we straight-forwardly apply it to the line element 
(CQ), we will get a different result T = / r (r + )/(47r) with respect to the Killing vector d t 
(when C — 1 is adopted). So it is unadvisable to apply directly the original anomaly 
cancellation method to the space-time ([1]), otherwise one must divide the pure energy 
momentum flux by a factor 1 — rj 2 . Nevertheless, we can do the same analysis in another 
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different way. By re-scaling t — > a/1 — 7/ 2 t, we rewrite the metric ([T]) as 

rfs 2 = -/(rjtf + Zifrj-V + rW, (71) 

/ x h(r) . . 9 2m o 2 , . 

M^) = l-^ 2 ^, (72) 

and immediately derive the expected result for the Hawking temperature T = 
/, r (r + )/(47rVW0. 

The analysis for the electric potential proceeds in the similar manner and will not 
be repeated here. 

4-2. Hawking radiation: the DRS method 

As mentioned before, a major physical quantity derived by the anomaly cancellation 
method is the Hawking temperature of the black hole. The issue of this method is that 
it is closely related to the near-horizon conformal property of the black hole geometry. 
Since it has already been proved that the Hawking temperature is conformal invariant 
|16j . so the surface gravity can also simply derived by the conformal transformation 
method. This goes as follows. 

Introducing the tortoise coordinate r* defined by r* = J dr/y/Jh, the generic two- 
dimensional metric 0261) can be written in a conformal form 



ds 2 = f(r)(-dt 2 + dri). (73) 
Near the horizon r — > r+, the radial coordinate r has the asymptotic behavior 

r* « — In (r — r+) , (74) 
2k 

where k = \\/ f,rh,r\r=r + can b e further shown to be the surface gravity of the black 
hole. 

Another well-known method to examine the Hawking radiation is the DRS method, 
which is also intimately related to the conformal property of the black hole. We now 
elucidate it as follows. Without loss of generality, we now consider a complex scalar 
field ^ with the mass fiQ and the charge e. The charged scalar field equation with a 
minimal electro-magnetic interaction in the background space-time ( )26|) is given by 



□c* 



-j(9 t + ieA t f + J jd r {y/fhd r ) - f4] * = . (75) 



Separation of variables as ty(t,r) = R(r)e luJt yields the radial equation 

+ ( W _ eAt f - filf]R(r) = . (76) 

At the infinity, the radial part becomes the free wave equation. Near the horizon r — ► r + , 
it has a standard form of the wave equation 

[d 2 rt + (uj-uj ) 2 }R(n) = 0, (77) 

where lj = eA t {r + ) = eq/r + is the Coulomb energy. 
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The ingoing wave solution and the outgoing wave solution are, respectively, 

R ont = e -«WM)r. = R . ne 2i(u-c )r, _ ( ?g ) 

The ingoing wave solution R in is analytic at the horizon, but the outgoing wave solution 

Rout ~ i?in(r - r+ )^-^' K , (r > r+) , (80) 

has a logarithmic singularity at the horizon r = r+, it can be analytically continued 
from the outside of the hole into the inside of the hole along the lower complex r-plane 

(r -r+) -> (r + -r)e~ i7r (81) 

to 

^out = i2ta(r+ - r^-^e^-^/* , (r < r+) . (82) 
The relative scattering probability at the event horizon is 

^out 
-Rout 

Following the DRS method [UJ, the bosonic spectrum of Hawking radiation of scalar 
particles from the black hole is easily obtained 

(N{u))) = — L -. (84) 

Similarly, the fermionic spectrum of Hawking radiation of Dirac particles from the black 
hole can also be deduced 

(Af(uj)) = — L . (85) 

From the radiant spectra, the Hawking temperature can be determined as T = k/(2tt). 

Finally, we briefly mention that the DRS method has been further developed in Ref. 
[T7] to a so-called generalized tortoise coordinate transformation (GTCT) method and 
subsequently it has been shown to be a powerful tool to investigate Hawking radiation 
of a larger class of non-stationary black holes. This GTCT method can simultaneously 
determine not only the location of the event horizon, but also the Hawking temperature 
as well as the thermal radiant spectrum of any kinds of black holes, whether they are 
static, stationary or non-stationary. 



5. Concluding remarks 

In this paper, we have further extended the work in Ref. [1] to derive the Hawking 
flux from a most general two-dimensional non-extremal black hole space-time with the 
determinant of its diagonal metric differing from the unity and applied it to investigate 
Hawking radiation of a Reissner-Nordstrom black hole with the global monopole by 
requiring the cancellation of anomalies at the horizon. The regularity condition that 
requires the covariant charged current flux and the covariant energy momentum flux to 
vanish at the horizon is corresponding to the choice of the Unruh vacuum state. The 
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conditions for anomaly cancellation at the horizon are met by the Hawking flux of energy 
momentum and charged current flux. These fluxes have the forms precisely equivalent to 
black body radiation with the Hawking temperature. To obtain a consistent expression 
of the Hawking temperature, it is not suitable to directly use as a starting point the 
space-time metric (CQ) which is not asymptotically flat due to the presence of a global 
monopole. 

It should be pointed out that our general analysis presented here is suitable for 
studying Hawking radiation of wider classes of non-extremal black hole space-times 
where we have only assumed that /(r + ) = h{r + ) = 0, thus previous researches are 
included as special cases of the metric considered here. Especially, it can be directly 
applied to the case of a Reissner-Nordstrom-anti-de Sitter black hole with a global 
monopole where f(r) = h(r) = 1 — rf — 2m/r + q 2 /r 2 + r 2 // 2 , except a modification in 
the calculation [18j of the Arnowitt-Deser-Misner mass of the black hole. 

A special point on the choice of the time-like Killing vector to calculate the surface 
gravity should be emphasized here a little more. The space-time considered in this 
paper is not asymptotically flat but asymptotically bounded due to the presence of 
a global monopole. In general, one prefers to choose the normalized time-like Killing 
vector = (1 — i] 2 )~ l 5t so that the normalized condition lim L/ M = — 1 is satisfied. 
However, this kind of normalized choice will fail in the case when the black hole has 
a nonzero cosmo logical constant. Alternatively, if one chooses = 5f as the time-like 
Killing vector (lim IJ,^ = — 1 + rj 2 ), then he obtains a different result for the surface 
gravity. Thus a different choice of the time-like Killing vector will lead to a different 
expression for the Hawking temperature, which may differ by a multiplier a/1 — rf in 
the cases considered in this paper. 
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